Turbulence naturally returns to isotropy and often possesses locally isotropic regions. This paper presents a new method to predict noise from turbulence that has returned or is returning to isotropy. The Navier-Stokes equations are decomposed into anisotropic and isotropic turbulent components and corresponding radiating waves. An analytical solution is proposed for the radiating waves associated with isotropic turbulence that contains arguments involving the vector Green's function of the Navier-Stokes equations and the multi-order two-point cross-correlation of the Navier-Stokes equations involving turbulent fluctuations. Using the theory of isotropic turbulence, the two-point cross-correlation of the Navier-Stokes equations is written as a vector-normalized, two-point cross-correlation multiplied by corresponding wavenumber spectra of the structure functions. Composite structure functions of the field variables are adapted from canonical theory of isotropic turbulence. The vector-normalized two-point cross-correlation involves arguments of separation distance, wavenumber, and corresponding turbulent length and time scales. A solution of the vector Green's function of the linearized Navier-Stokes equation for acoustic pressure is derived. A simple system of differential and algebraic equations is proposed to model the statistics of stationary and decaying isotropic turbulence, which are arguments of the model equation. Predictions of acoustic and turbulent statistics are compared with a wide variety of measurements and direct numerical simulations from various sources over a range of Reynolds numbers and initial scales. Predictions compare favorably with previous theories, direct numerical simulations, and measurements. 
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Nomenclature

Introduction
The physical understanding of turbulence and the mechanism of how sound is radiated by turbulence remain open problems. Turbulence and associated acoustic radiation are found throughout nature and in the presence of almost all aerospace vehicles. Turbulent flows often return to isotropy or in the very least can be characterized to have local spatially isotropic regions. Here, regions of a turbulent field are classified as either locally anisotropic or isotropic. The wavenumber 'energy' spectra of the field variables in a turbulent fluid that is returning or has returned to isotropy possess a universal behavior. This paper presents a new method to predict noise from turbulence that has returned to isotropy based upon the wavenumber spectra of the Navier-Stokes equations.
Taylor, 1 in perhaps his greatest paper on the theory of turbulence, writes, 'in isotropic turbulence the average value of any function of the velocity components, defined in relation to a given set of axes, is unaltered if the axes of reference are rotated in any matter.' Turbulent flows have a strong tendency to become isotropic, and indeed this philosophy is attributed to Kolmogorov, 2-4 who made popular the term, 'return to isotropy.' Isotropic turbulence is observed within grid turbulence (where it is mostly studied experimentally), away from the wall of a turbulent boundary layer, in the atmosphere far from the ground, within bounded fully developed flows such as pipes, within the plume of a high speed jet, and in many other flows. The concept of isotropy is not limited to fluids (e.g., gases, liquids, and plasmas) but is also apparent in the cosmic background radiation (see Readhead and Lawrence 5 for example). Excellent visualizations of isotropic turbulence are rare because of the difficulty of measurement. In Fig. 1 a) a schlieren and b) a shadowgraph of isotropic turbulence are shown by Hesselink and Sturtevant 6 where a shock wave is moving from left to right. Here, the 'random' medium is the isotropic turbulence, and the very thin vertical disturbance is the shock wave. The self-similarity and self-preservation concepts of turbulent flow are central theories within this work. There is a tremendous amount of research available on turbulence, and readers can familiarize themselves with these concepts through the works of Stewart and Townsend, 7 Sreenivasan and Antonia, 8 Ishihara et al., 9 and Pope.
10
Wavenumber energy spectra of structure functions play a key role in contemporary turbulence theory and in the development of the mathematical model of this paper. Perhaps the only exact result in statistical fluid mechanics is due to the brilliance of Kolmogorov 2-4 (K41 theory). Of specific importance, Kolmogorov shows that the three-dimensional energy spectrum of the velocity structure function is proportional to c u 3/2 κ
in the inertial range, where c u is a constant, is the dissipation, and κ is the wavenumber. Remarkably, two decades later the theory was slightly altered by Kolmogorov 11 (K62 theory) to account for intermittency. The energy spectrum of Pope 10 is an excellent composite model for the entire wavenumber range and is used in this work.
The wavenumber spectrum of the structure function of pressure was examined successfully by Batchelor, 12 who showed that in the inertial range it falls off as κ −7/3 . Hill and Wilczak 13 use a different approach than Batchelor 12 but essentially confirm the result of Batchelor.
12 An additional insightful study by Gotoh and Rogallo 14 examined pressure statistics in homogeneous isotropic turbulence. Note that homogeneous isotropic turbulence velocity statistics are invariant under both translation and rotation. These theories played a role in the studies of wavenumber pressure spectra scaling in the atmosphere (see Albertson 15 ) and within turbulent boundary layers (see Patwardhan and Ramesh 16 ). The wavenumber pressure spectrum is incorporated into a composite function that is similar to that of Pope.
The wavenumber temperature spectrum was initially considered successfully by Corrsin.
17, 18 Corrsin
17
showed that the decay of the temperature spectrum is the same as the velocity spectrum in the inertial range. Lesieur et al. 19 and Lewalle 20 examined the decay of the variance of temperature in isotropic turbulence and also examined the decay of the wavenumber energy spectrum of temperature. Sreenivasan et al. 21 examined the intensity and decay of temperature variation of isotropic turbulence experimentally by examining flow behind grids of various shapes and at various Reynolds numbers. They also showed measurements from other researchers and collapsed their results.
Investigations of the wavenumber spectrum of density structure functions are rare. This is because of the difficulty of studying compressible turbulence with its associated high Reynolds number. The incompressible assumption is often used when studying other types of spectra. Nonetheless, Chandrasekhar 22 was likely the first to successfully consider density fluctuations in isotropic turbulence, at least insofar as the decay of intensity. Montgomery et al., 23 who studied solar wind in the interstellar medium via magnetohydrodynamic turbulence, showed that a κ −5/3 decay of the wavenumber density spectrum in the inertial range is likely. It is generally accepted that wavenumber spectra possess self-similarity when the statistics are of low order. In the initial period of decay or when the conditions of isotropic turbulence are not met, then similarity does not apply. Reid and Harris 24 presented these important points in relation to the initial period of decay, demonstrated similarity spectra of isotropic turbulence, and showed estimates of varying E u (κ). Ultimately, Reid and Harris 24 concluded that present theory is limited, and it is unfortunately necessary to resort to numerical methods to find the temporal and spatially evolving wavenumber spectra in the initial period of decay or when isotropy is not possible.
A number of theoretical (purely mathematical) approaches have been proposed to predict noise from isotropic turbulence. The first was created by Proudman 25 almost immediately after the development of the Lighthill 26-28 acoustic analogy. Proudman used the Lighthill acoustic analogy in conjunction with reductions of turbulent statistics for an isotropic turbulent field. Ultimately, Proudman 25 derived a scaling equation for the acoustic power, P a = α M 5 t , where α is a constant near unity, is the dissipation rate of turbulent kinetic energy, and M t is the turbulent Mach number. Proudman 25 also showed that if the isotropic turbulence is undergoing decay then the acoustic power goes as
, where c ∞ is the ambient speed of sound, u is the root mean square fluctuation of one component of velocity, and τ is the retarded (source) time. The problem was not revisited until much later when Lilley 29, 30 directly related the Lighthill stress tensor to the two-point cross-correlation function of isotropic turbulence. Lilley's effort yielded a closed-form mathematical model for the power spectral density of the acoustic pressure from isotropic turbulence, though only normalized spectra were compared with numerical results. Lilley 31 derived a similar formula by integrating the power spectrum of acoustic pressure and obtained
∞ , where L is the characteristic length scale, and ρ ∞ is the ambient density. Lilley 31 demonstrated how his theory could be used for the prediction of noise from high speed jet flows. This is an astonishing accomplishment that convincingly showed how the theory of isotropic turbulence can predict the power spectrum of acoustic pressure from high Reynolds number turbulent jets.
The advent of digital computers has enabled the field of computational fluid dynamics (CFD) to be useful and has allowed numerical simulation of fluid turbulence. An extensive amount of research has been conducted, and here we will briefly survey important contributions of CFD related to isotropic turbulence because it plays a critical role in gaining insight into the dynamics of turbulent motions. Direct numerical simulation (DNS) of the Navier-Stokes equations attempts to fully resolve all scales of fluid turbulence. Typically, the Navier-Stokes equations are solved numerically and are restricted to relatively low Reynolds number because of the immense computational cost. Many efforts have been made to study homogeneous or isotropic turbulence using CFD. Notable examples include Passot and Pouquet, 32 who performed DNS of homogeneous turbulence, Mansour and Wray, 33 who examined low Reynolds number decaying turbulence (their results matched K41 and K62 theory), and Yao et al., 34 who showed time correlations of pressure in an isotropic turbulent field (that are used here to partly validate the source model). Ishihara et al. 9 summarizes the state of the art in DNS.
The use of large eddy simulation (LES), which resolves relatively large scales of turbulence and either models the dynamics of the small scales or dissipates them implicitly (numerically), has also been used to study isotropic turbulence. Some important LES studies of isotropic turbulence include Langford and Moser, 35 who showed LES formulations for isotropic turbulence, Thornber et al., 36 who used implicit LES to study decaying homogeneous turbulence, Vreman et al., 37 who used a finite volume approach and attempted to quantify compressibility effects, and Abdibekov and Zhakebaev, 38 who studied decaying isotropic turbulence. Also, Hughes et al. 39 formulated various LES approaches for decaying, homogeneous isotropic turbulence; Zang et al. 40 performed LES of compressible isotropic turbulence, and Swanson et al. 41 studied decaying, homogeneous isotropic turbulence using various weighted essentially non-oscillatory (WENO) schemes and compared solutions with select theories. Both DNS and LES studies play a key role in the validation of the theory presented in this paper.
The sustained growth of digital computers has allowed numerical methods to be utilized to predict the noise from isotropic turbulence. The Lighthill 27 stress tensor can be directly approximated with the resolved time-varying field variables. One such approach is by Sarkar and Hussaini, 42 who performed DNS and used the Lighthill acoustic analogy to predict far-field acoustic pressure power spectra. It is not a coincidence that the successful numerical work of Sarkar and Hussaini 42 was conducted at the same time that Lilley
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was visiting NASA Langley Research Center. Witkowska et al. 43 performed both LES and DNS on isotropic turbulence to study the possibility of using the approximate LES in place of DNS. In a similar study to Witkowska et al., 43 Seror et al. 44 performed LES of stationary and decaying isotropic turbulence. Both Witkowska et al. 43 and Seror et al. 44 combined their approaches with the Lighthill acoustic analogy to predict the radiating noise. An alternative numerical approach was proposed by Zhou and Dong, 45 who used a Lattice Boltzmann method in conjunction with the Lighthill acoustic analogy. The major advantage of numerical approaches is that they are essentially a 'numerical experiment,' if the governing equations are a representative model of fluid turbulence. As DNS resolves all scales of turbulence, then statistical quantities can be directly calculated. Unfortunately, the computational cost of numerical approaches restricts them to very low Reynolds numbers.
In this paper, we assume that the Navier-Stokes equations govern the dynamics of fluid turbulence. The Navier-Stokes equations are decomposed into a time evolving base flow, anisotropic fluctuations, isotropic fluctuations, radiating waves from anisotropic turbulence, and radiating waves from isotropic turbulence. The resulting equations possess a vector equivalent source that is equal to the Navier-Stokes equations operator on the base flow and turbulent fluctuating quantities. A linear Navier-Stokes equation operator results for the radiating waves and their anisotropic and isotropic associated components. We apply this model framework to statistically stationary and decaying isotropic turbulence. The isotropic base flow assumption allows for the vector Green's function of the linearized Navier-Stokes equations and energy equation to be found analytically. This vector Green's function is convolved with the equivalent sources. The density, pressure, temperature, and velocity are written as closed-form mathematical solutions. The power spectra of the field variables are then easily derived. A new unique method to approximate the vector equivalent source is proposed by relating it to the energy spectra of stationary and decaying isotropic turbulence. The remaining portion of this paper surveys the newly developed mathematical model. Select results are shown and are compared with DNS and acoustic power spectra from various sources.
Mathematical Theory
We assume that the Navier-Stokes equations govern the dynamics of fluid turbulence. The governing equations are the continuity equation
momentum equation
and the energy equation
where e o is the total energy per unit mass, p is the pressure, u is the velocity, t is the time, x is the spatial coordinate, and ρ is the density. Note that the use of Einstein notation implies summation. The shear stress is τ ij = 2µS * ij , where
and δ ij is the Kronecker delta function. Fourier's law provides the heat flux
where Pr is the Prandtl number, Pr = c p µλ −1 , and λ is the thermal conductivity. The total energy is related to the internal energy and kinetic energy as e o = e + u k u k /2. The ideal gas equations are used and include γ = c p c −1 v , p = ρRT , e = c v T , and R = c p − c v . The unknown dependent variables are the density, velocity, pressure, and temperature, which are referred to here as the field variables. We decompose the field variables as
where q represents one of the field variables. The overbar operator represents the component of q that is the time-varying or time-averaged base flow. Tilde and double tilde operators represent the fluctuating component of turbulence that is characterized as anisotropic or isotropic, respectively, of the flow-field about the base flow. A single prime denotes the radiating component due to anisotropic turbulence. Likewise, the double prime denotes the radiating component due to isotropic turbulence. For example, pressure is decomposed as p = p +p +p + p + p . The resulting equations are rearranged so that radiating quantities are on the left hand side, and the base flow and turbulent fluctuating quantities are on the right. We eliminate terms on the left hand side of the decomposed equations that are high order, because radiating quantities are much smaller than non-radiating quantities. The right hand sides are rearranged and result in the exact Navier-Stokes equations and energy equation operators working on the base flow and fluctuating turbulent quantities. The right hand sides are viewed as sources. The left hand sides are viewed as propagators. For example, the continuity equation can be written
We place non-radiating terms on the right hand side,
After performing these substitutions and rearranging we find the continuity source
the momentum sources are
for i = 1 to 3, and the energy source is
Here, the vector Θ = Θ (Θ i ), for i = 0 to 4, represents the right hand side. The underbar operator indicates the decomposition q = q +q +q, which applies to the aerodynamic variables. The vector term Θ is very similar to the original governing equations. Because Θ is the Navier-Stokes equations and energy equation operator, it might be assumed that it is zero. This is not the case as the radiating quantities have been removed; thus, it can also be viewed as a vector residual that is the source of sound. The sources are non-zero and are exactly the non-radiating component of the noise.
We now seek a statistical solution, assuming that a solution exists, and it has the form
for k = 0 to 4, where q
satisfies a set of linear partial differential equations. The subscript g denotes the Green's function. This vector Green's function must obey conservation of mass
conservation of momentum
and conservation of energy
for viscosity µ ≈ µ. In addition, this set of equations satisfies q and q in place of q ⊥ . We define the forward and inverse Fourier transforms aŝ
where the hat (ˆ) operator signifies the Fourier transform, the represents an argument, f is the frequency, i = (−1) 1/2 , and ω = 2πf . The forward Fourier transform of q
and the inverse Fourier transform is
Equation 12 can be rewritten using Eqs. 16 and 17 aŝ
Equation 19 represents the Fourier transform of q and is complicated by the fact that it contains both the retarded time, τ , and frequency, ω. We now seek to form the spectral density of q k . We assume that q ⊥ k x, t + τ † decays quickly near infinity so that its integral exists, which is reasonable given that it represents the vector Green's function. The superscript † denotes a particular retarded time, separate from τ , that is eventually eliminated. Also, we assume that the forward and inverse transforms of q
We define the auto-correlation as
Equation 20 can be written in an alternative form using the Wiener-Khinchin theory (see Wiener 46 for details), which states the auto-correlation is the Fourier transform of the absolute square of the Fourier transform of q k . By using the Wiener-Khinchin theory in conjunction with the Fourier transform of q ⊥ k and its complex conjugate, q * ⊥ k , an alternative integral equation for the auto-correlation can be formed. We define the spectral density, S k , as the inverse Fourier transform of the auto-correlation of the pressure
where k = 0 to 4 which corresponds to density, velocity components, and pressure, respectively. Using the general time-domain solution of Eq. 12 and the auto-correlation in the Wiener-Khinchin form, the spectral density of Eq. 21 is
where z denotes the second source position and the primes denote an alternative retarded time or observer time. We now integrate t and t , combine the resultant integrand within the inner summa, perform integration of ω and τ † (as they are the forward and inverse transforms and essentially result in a prefactor), and finally move terms within the integral involving τ . We obtain
The vectors y and z and times τ and τ are related through the equations z = y + η and τ = τ + ∆τ . The spectral density is
The integrand involving retarded time is immediately recognizable as the two-point space-time crosscorrelation between Θ m and Θ n . Note that the source is a real function. We define R m,n (y, η, τ ) as the two-point space-time cross-correlation of the equivalent source
Using Eq. 25 we obtain the k th spectral density
Note that the integrand is dependent on the aerodynamic portion of the flow-field only. Equation 26 represents the k th spectral density and is dependent on the two-point cross-correlation of the equivalent sources (R m,n ) and the periodic vector Green's functions of the linearized Navier-Stokes equations and energy equation. The approach used herein implies
and
Summation of spectral density is valid for linear acoustic problems. We do not consider the problem of nonlinear propagation here as it only occurs when extremely intense turbulent fields are present. The corresponding source terms, R m,n and R m,n , must be independent because they correspond to linearly independent spectral densities. These relations can be substituted into Eq. 26 to independently predict the radiation from anisotropic or isotropic turbulence. Within this paper we use the latter substitution and focus on isotropic theory. The vector Green's function holds for all three forms of S ⊥ k , S k , and S k . We seek to evaluate Eq. 26 using the theory of isotropic turbulence. This evaluation involves relating R ⊥ m,n to the statistics of isotropic turbulence and finding an analytical solution of q g,k . We first examine R ⊥ m,n .
Application to Isotropic Turbulence
We now adopt the assumptions and framework of a stationary or decaying isotropic turbulent field as originally introduced by Taylor 1 to the newly developed aeroacoustic theory. Using the decomposition of Eq. 6, the definition of the sources of Eqs. 9 through 11, and the definition of R ⊥ m,n of Eq. 25, we can expand the two-point correlations of the base flow isotropic terms. For example, the continuity-continuity (m = n) two-point space time cross-correlation is
∂τ + 2 ∂ρ
where the superscript (1) or (2) signify that the quantity is evaluated at position y or y + η, respectively. Other terms of R m,n are shown in the appendix due to their large number of terms. The tensor R m,n can be calculated numerically using CFD either in the reduced form shown in the Appendix or in its original form shown in Eq. 25.
Here, we seek a more elegant method and approximate the terms using a newly developed approach. Each term (< , >) within R m,n can be written by its magnitude and associated two-point cross-correlation. The constant of each term is derived from the corresponding constant prefactor such as µ or ρ. The magnitude of the term is proportional to the fluctuating isotropic quantity divided by appropriate turbulence time or length scales. A new operation denoting magnitude (< >) of the fluctuating isotropic quantity is introduced and is dependent on the wavenumber, κ. Note each two-point cross-correlation for each crosscorrelation term of R m,n is unique. We also assume that there is a steady base flow within the isotropic turbulent field, that is ρ, T , p, etc., are constant. We propose the following general approximation for
Constants C 1 and C 2 are invariant to the cross-correlation and consist of terms such as γ, ρ, p, T , c p , P r , µ, or δ ij . Within the denominator, small case scripts a and α denote the i, j, and k indices of spatial derivatives. They are omitted if the derivative within the term is τ or if there is no second or first derivative. Likewise, small case scripts b and β correspond to l, m, and n indicial-spatial derivatives, and the same mapping rules apply. Recall that (1) or (2) denote that the value is dependent on the first or second point of the two-point cross-correlation, and in the context of homogeneous isotropic turbulence is invariant. The suits represent fluctuating quantitiesρ,ũ,ṽ,w,p, orT , which correspond to the correlation being examined. Within the numerator the ∂ A,A represents the order of the spatial or temporal partial derivative, correspond to a and α, respectively, and is partially omitted if the partial derivative is of first order or entirely omitted if the partial derivative is of zeroth order. Many terms involve summation over repeated indices, and these are reflected when A = a, A = α, B = b, or B = β. Within the denominator, Γ and γ are either y or τ or omitted if a partial derivative is not acting on a suit. Darkened symbols , , , and , represent powers of the fluctuating quantity. The magnitude operation on a spatial derivative (< ∂y i >) results in l(κ) (turbulent length scale at wavenumber κ in the direction of the spatial derivative). Likewise, (< ∂τ >) results in τ (κ), which is the turbulent time scale at wavenumber κ. The < > operator on the field variables is proportional to the field variable's 'energy' at κ, and we discuss this relation later. We write the normalized two-point cross-correlations as a vector R = R ♠♣♥♦ + ..., and assume that it has a single universal form.
We now illustrate the mapping of Eq. 30 with an example. For example, the second term of
We now use Eq. 30 on all terms of R m,n . The continuity-continuity two-point cross-correlation is
the continuity-momentum two-point cross-correlation is
the continuity-energy two-point cross-correlation is
the momentum-momentum two-point cross-correlation is
the momentum-energy two-point cross-correlation is
and finally, the energy-energy two-point cross-correlation is
Let
where R m,n are the bracketed terms of Eqs. 32 through 37. We now require a model for R, and (for simplicity) we assume that it has a universal form. The vector R is unique for each combination of m and n. It is not practical to create an analytical model for each term within Eqs. 32 through 37. These correlations could be calculated numerically for specific turbulent fields. However, on a practical basis each normalized two-point cross-correlation has some identifying features such as being unity at zero time delay and zero separation, decaying to zero for very large spatial separations or time delays, and a transition from exponentially decaying to Gaussian decaying statistics. We propose a simplified universal form of the two-point normalized cross-correlation
where ι c is a real-valued constant bounded from zero to one. Equation 39 exhibits Gaussian statistics for ι c = 1 and exhibits exponentially decaying statistics for ι c = 0. A mixed Gaussian-exponentially decaying model results when 0 < ι c < 1. The validation and choice of ι c will be explored in a later section. We substitute Eq. 38 into the model Eq. 26 and isolate integrals involving η i and ∆τ . These integrals are evaluated analytically
assuming that l > 0, τ > 0, u > 0, and are real. We set the constant coefficients c κτ and c κl to zero for simplicity, but these could be adjusted to capture trends in measurement more accurately. We now relate the i operator on the field variable to energy spectra. Let
and,
where E u , E ρ , E p , and E T are the 'energy' spectra of the difference functions of the field variables, and κ 1 and κ 2 are the limits of integration. Limits of integration are selected for unit bandwidth predictions, that is κ 2 − κ 1 = 2πc
For statistically stationary isotropic turbulence the spectra are invariant with time and for decaying isotropic turbulence are dependent on τ . The turbulent kinetic energy is related to the wavenumber energy spectrum
and the dissipation of turbulent kinetic energy is
Wavenumber Spectra
We now define the wavenumber spectra to close the model for S k . The wavenumber spectra represent a small set of exact analytical results within the field of statistical fluid mechanics. Unfortunately, the theory is not complete, and we must resort to some physical arguments to close particular portions. The energy spectrum of u is
where r is a separation vector between two points within the isotropic field. We adopt the spectrum for E u (κ) based on the work of Kolmogorov 2-4, 11
where c u = 1.5 is a constant, L is the integral length scale, and η is the Kolmogorov 2-4, 11 length scale. We have included functions f L and f η , defined by Pope, 10 so that E u represents a composite spectrum (for all κ). These latter functions are shown following other definitions of energy spectra. Batchelor 12 showed that the pressure correlation is a function of the fourth order moment of turbulent velocity, and this relation is written as
Batchelor 12 shows that within the inertial range the variation of the wavenumber spectrum of p goes as κ −7/3 . We adopt the pressure spectrum derived by Gotoh and Rogallo 14 and multiply by functions f L,p (κL) and f η,p (κη) and obtain
where c p is a constant and set to unity. The decay of temperature fluctuations and the spectrum of E T were investigated by Corrsin, 17, 18 and based upon Corrsin's investigation we define
where c T is a constant and set to unity. Montgomery et al. 23 used the theory of Batchelor 12 and found a particular density-pressure equation of state. An omnidirectional spectrum is formed through multiplication by 4πκ 2 . A relation similar to Eq. 49 is formed, and Montgomery et al. 23 show that E ρ possesses a κ −5/3 fall-off within the inertial range. Based on this limited knowledge of the spectrum of E ρ , we propose a composite spectrum
where c ρ is a constant and set to unity. Unlike the coefficient c u , the coefficients, c p , c T , and c ρ , are unknown to the community. Unfortunately, finding values of these coefficients analytically is a difficult task that has yet to be accomplished. They are likely on the same order of magnitude as c u . If they were orders of magnitude larger or smaller then the noise predictions would be much too high or low, respectively. These coefficients are very insensitive on the predicted noise spectrum compared to the powers of and κ.
Spectra defined in Eqs. 48, 50, 51, and 52 contain composite functions f Li and f ηi . Though they are likely unique in nature, especially with regard to their power as they are functions of κ, we approximate them as a single function f L ≈ f Li and f η ≈ f ηi . Functions f L and f η are unity throughout the inertial range and are positive values less than unity at low or high wavenumbers. This approach allows for a complete and continuous composite spectrum to be constructed. The functions f L and f η are adopted from Pope 10 and calibrated against numerically predicted E u of stationary DNS at multiple Re to handle low and high wavenumber regions. The functions f L and f η are
where p o = 2 is a constant and
where β = 2.1 is a constant. The constants c L and c η are calculated by using the definition of Eqs. 45 and 46 and are approximately 6.78 and 0.40, respectively. We now model the dynamics of the scales of turbulence for stationary and decaying isotropic turbulence. Let
be the turbulent Reynolds number, where ν is the kinematic viscosity. Recall that L is the integral length scale, and for simplicity we approximate the integral length scale with the characteristic length scale L, that is L ≈ L. The range of turbulent length scales is α 1 l η l α 2 l o , where κ = 2πl 
Wavenumber Spectra Dynamics Thus far, the developed equations are sufficient to predict the noise from stationary isotropic turbulence. For decaying isotropic turbulence, additional models are required to characterize the evolving wavenumber spectra and turbulent scales. We model the variation of the wavenumber spectra through the statistics of the time-evolving turbulent scales. We assume that initially the turbulence is fully developed and stationary (that production is equal to dissipation) and at some instant of time, the turbulence starts decaying. In decaying isotropic turbulence that is initially fully developed, there is no production, thus
The variation of length scales within decaying isotropic turbulence was investigated by Lesieur et al., 19 who showed that the length scale l u is modeled approximately by
Unfortunately, the closed-form solution of this nonlinear partial differential equation is unknown as is dependent on τ . Lesieur et al. 19 observed in measurement that l u decays approximately as l u ∝ τ 0. 31 . Thus, we propose
where l o is an initial length scale at initial wavenumber κ o at τ = τ o . Batchelor 12 examined the variation of the statistics associated with pressure and approximates p 2 ≈ 0.34ρ 2 u 2 2 . Based on Yao et al., 34 we propose that the decay of pressure fluctuations is proportional to k, pp (τ ) ∝ k(τ ), and l p ∝ l u . Corrsin 17, 18 investigated the decay of T T within a decaying isotropic field and argued
where λ T is the Taylor microscale of temperature (see Corrsin 17, 18 for details) and the approximate model solution is
Another form of the solution was proposed by Lesieur et al., 19 who argued that the integral scale of temperature is proportional to the integral scale of velocity, l T (τ ) ∝ l u (τ ), as they are governed by a similar differential equation with the same power coefficients. Unfortunately, very little is known about the dynamics of the statistics involving density, but Montgomery et al. 23 imply that they are very likely similar to those of pressure.
Due to the lack of knowledge regarding the variation of turbulent statistics and length scales of decaying isotropic turbulence, we do not develop closed-form explicit equations for their variation with time. Instead we simulate their decay by assuming an initial stationary isotropic field decays from time τ o to sometime τ , where the subscript o is the initialization time (τ o > 0). At each time τ , a series of equations are evaluated in order of their dependence that are used in turn to calculate the spectra, E q .
First, at given time τ , L c,o and R t,o are known and the integral length scale is estimated using Eq. 60. Then the turbulent kinetic energy within the system is estimated using k = k o − ∞ , are calculated. It is emphasized that these equations are found iteratively, and their arguments are dependent on the previous iteration. We will examine the validity of predicting decaying turbulent statistics using this approach within the results section.
Vector Green's Function for Homogeneous Isotropic Turbulence
Arguments have been proposed for the source term within model Eq. 26. Here, we derive the necessary vector Green's function to evaluate Eq. 26 for k = 4 (spectral density of acoustic pressure) given the assumptions of homogeneous isotropic turbulence or homogeneous decaying isotropic turbulence. We assume that the environment is quiescent except for a region of homogeneous, decaying or stationary, isotropic turbulence. Note that the Green's function for q ⊥ is the same as for q and q , where q ⊥ = q + q . We assume that the viscosity is constant, µ ≈ µ, and does not play an important role in the propagation of sound (see Lighthill 47 ). The vector Green's function q ⊥ is governed by Eqs. 13, 14, and 15. Using these assumptions, we take the partial time derivative of the energy equation and use the relation c 2 ρ = γp and obtain
The partial derivative ∂/∂x i is applied to the momentum Green's function. The result is multiplied by c 2 , and we obtain
Equation 64, for i = 1, 2, and 3 is subtracted from Eq. 63. The resulting equation is written in spherical coordinates then simplified with the identity δ(x) = δ(x)δ(y)δ(z). The Fourier transform of the resulting equation is performed. Finally, the Fourier transforms of δ is unity and ∂δ/∂t is −iω are used. The result is
We seek solutions of Eq. 65 that have unique right hand sides for cases n = 1 through 4. The right hand side of Eq. 65 for n = 0 is 0, for n = 1 to 3 is −c 2 ∂r 2 δ(r)/∂rδ jn , and for n = 4 is −iωδ(r). We first seek a solution of Eq. 65 with the right hand side corresponding to n = 4. As the medium through which the waves propagate is quiescent, it is expected that a point source for the n = 4 case will be symmetric. The symmetric solution will contain no variation with respect to θ and φ and now Eq. 65 becomes
The solution isp
where c 1 and c 2 are constants. We have not made any assumptions regarding the properties of ω or c. The solution of Eq. 65 for n = 0 is trivial because it is a homogeneous wave equation for p ⊥0 g . Solution of Eq. 65 for n = 1 to 3 is also simple if the right hand side is written in spherical coordinates in conjunction with use of the identity, ∂r 2 δ(r)/∂r = 0, that also results in a homogeneous wave equation. Note that for c 2 = 0 within Eq. 67 a solution of the Helmholtz equation is found.
Implementation
We now present the process of numerically evaluating Eq. 26 for the spectral density of acoustic pressure (k = 4). The spectral representations contain arguments that are presented in Eqs. 41 through 44. Analytical solutions for the vector Green's function (for a quiescent field),q ⊥n g,k , and its complex conjugate,q * ⊥m g,k , were developed in the previous section. We make use ofp
g,k . The integrand involving y involves the double summation over m and n and is easily implemented in a computer program. We assume (for convenience) x >> L and that the isotropic turbulence is contained within a period box with lengths L and approximate the volumetric integral involving dy as L 3 . The model Eq. 26 is evaluated at each observer position x for each desired unit bandwidth f at ω = 2πf . The arguments of κ, κ 1 , and κ 2 within the limits of Eqs. 41 through 44 are related to ω as κ 2 − κ 1 = 2πc
Results
This section shows predictions using the newly developed theories and compares them with corresponding numerical predictions and measurements from various sources. Most importantly, we compare our source model to results from DNS and compare predicted power spectra of acoustic pressure with those derived from DNS. Figure 2 shows the decay of pressure covariance within an isotropic field with an initial integral Reynolds number of 6328. The x-axis represents retarded time normalized by ω o = 2πT −1 , where T is the initial integral time scale. Data from the DNS of Debussche et al., 48 which also was conducted at Re L = 6328 using a 'multi-level' method on 512 3 grid points, are shown as circles. The model from Lilley 29 is shown as a dash-dot-dot line. Equation 39 is shown as a series of lines labeled ι c , where ι c varies from zero through one. Recall that when ι c = 1, Gaussian statistics of the source are assumed, and the model nearly aligns with the DNS results of Debussche et al. 48 For ι c = 0.80, nearly perfect agreement is observed between Eq. 39 and the DNS results of Debussche et al. 48 A purely exponentially decaying model, which corresponds to ι c = 0, shows very little promise relative to the model of Lilley 29 or the numerical result. It is interesting to consider that at relatively large integral times scales (from initial period of decay) that ι c = 0.40 agrees extremely well with the model of Lilley.
Aerodynamics
29 A mixed Gaussian-exponential decaying model is best suited to what is observed in DNS simulations. Though the use of ι c = 0.8 likely yields the most accurate result, it is considerably more difficult to work with mathematically. Because the differences between the Gaussian and mixed Gaussian-exponential model are so small, and the agreement is satisfactory compared to DNS results, we elect to continue our investigation with a purely Gaussian model.
We now examine the decay of the correlation of pressure with time on a wavenumber basis. Figures 3  and 4 show the model decay compared to the DNS results of Yao et al. 34 at two conditions. The conditions correspond to stationary isotropic turbulence at Re λ of 78.75 and 148.92 with corresponding L = 1.597 m and 1.471 m, and λ = 0.599 m and 0.341 m, in Figs. 3 and 4 , respectively. Simulations of Yao et al. 34 were contained within a domain with sides of length 2π m and contained 128 3 and 256 3 nodes, respectively. On a wavenumber basis the pressure correlation is defined as
. At relatively small wavenumbers the model agrees well with the DNS of Yao et al. 34 at both Re λ of 78.75 and 148.92. At higher wavenumbers, the model decays at a slower rate than the numerical results. The pressure covariance decay within the DNS simulation is Gaussian in nature and is captured by the model. It is well known that the wavenumber goes as exp −ακ 2 , where α is a positive constant coefficient. This trend is captured explicitly in the model (see Eq. 39) but does not seem to appear in this particular DNS result, at least not for the pressure covariance. Note that the developed two-point cross-correlation model, which the model results here are based upon, is evaluated for all the statistics. The results would greatly be improved if R was modeled for each particular term. Here, we continue with the simplified approach of using a single model to capture the trend of all two-point cross-correlations.
An example comparison of the energy spectrum, E u , of Eq. 48 and the DNS results of Seror et al.
44
is shown in Fig. 5 . The DNS of Seror et al. 44 used 192 3 grid points, had a Taylor Reynolds number, Re λ = 82.31, integral length scale, L = 0.98 m, Taylor length scale, λ = 0.28 m, and Kolmogorov length scale, η = 0.02 m. The y-axis represents E u normalized by the total energy of E u and the x-axis is the wavenumber, κ. The model is evaluated using the same conditions as Seror et al. 44 A dashed line is added to the figure that represents the κ −5/3 law of Kolmogorov.
2 In the inertial range, both the DNS and threedimensional velocity energy spectrum of Kolmogorov (within Eq. 48) are in good agreement. The overall levels between the DNS results of Seror et al. 44 and the model compare well. We now examine the wavenumber energy spectrum, E u , on a frequency basis in Fig. 6 . The spectrum corresponds to the DNS of Witkowska et al. 43 Turbulence is isotropic and stationary, and the DNS was performed at conditions corresponding to Re λ = 20 and u rms c −1
43 is 14.3 times larger than L and contains 128 3 points. As in Fig. 5 , the spectrum has been normalized by the total energy within E u . The x-axis is normalized by L and u rms . At characteristic eddy frequencies (ωLu −1 rms ) of unity and above the composite spectrum of Pope 10 agrees very well with the DNS results of Witkowska et al. 43 At lower characteristic eddy frequencies, the model composite spectrum falls off much faster than the DNS results, which is surprising given the very large domain (14.3L) used in the DNS.
We now turn our attention to comparing models of the statistics and wavenumber spectra of decaying isotropic turbulence to DNS results and measurement. Sarkar and Hussaini 42 conducted DNS studies of stationary and decaying isotropic turbulence. The turbulent field was initialized and allowed to evolve into fully developed isotropic turbulence; then production was turned off and the turbulence began to decay. 19 Both the model and DNS results show an exponential decay of k and T T /2. It is encouraging that the exponential decay is similar to that observed in the DNS results of Sarkar and Hussaini. 42 The decay coefficient of -0.31 within Eq. 60 arguably should be increased slightly for the results to better match DNS simulation, but the coefficient was chosen based on measurement data of isotropic turbulence behind grids.
We now examine the variation of energy spectra within decaying isotropic turbulence. Extensive measurements of E u , among many other statistical quantities, were made by Stewart and Townsend.
7 These measurements were obtained within grid turbulence, which is a flow that has gone through a grid with periodic spacing M . Immediately downstream of the grid the flow is highly anisotropic and slowly becomes isotropic. presented their results in this format to convince the reader of the collapse of the inertial range when normalized by κλ. Normalized spectra near the grid show a very pronounced lobe. As an example, there is a large lobe at κλ ≈ 0.4 and xM −1 = 30. Predictions using the developed equations for the decay of k, , and E u are shown as various line types without symbols. These predictions do not capture the strong broad lobes at lower wavenumber as the composite spectrum cannot explicitly capture this particular anisotropic effect of grid turbulence. Recall that the developed prediction model is dependent on time, while the experiments included a convection time due to spacing of axial measurement locations. We have attempted to directly compare decay time with convection decay time in these comparisons. Within the inertial range, the measurements of Stewart and Townsend 7 and the predictions of E u increase slightly then approach an asymptotic value. At low κλ, there is no collapse possible of either prediction or measurement; however, both decay with increasing λκ.
The decay of the temperature spectrum, E T , was investigated numerically by Lesieur et al., 19 and the conditions of their simulation correspond to the previous discussion on decay of k and T T . Recall the initial conditions are Re t = 5 × 10 4 , L = 1.5 m, λ = 0.0212 m, and η = 4.486 × 10 −4 m. Figure 11 shows E T at various times normalized by the large-eddy turn-over time T . Lines with symbols are the results of Lesieur et al. 19 and corresponding line types without symbols are predictions based upon the developed decay model. The simulation encompasses large-eddy turnover times from τ T −1 ≈ 6 to 12. As time increases, the peak κ of E T decreases, the 'energy' of E T decreases, and the inertial range remains fully developed and decreases with κ. In the wavenumber range between the peak of E T and large wavelengths, the predicted E T and numerically simulated E T are in relatively good agreement. At low wavenumbers, the slope of predicted E T and simulation are inconsistent, and this could be corrected by modifying the function f L that operates on E T .
Aeroacoustics
The power spectrum of acoustic pressure from a differential element of isotropic turbulence is shown in Fig. 12 29 is superimposed on the results for comparison. The SPL at the peak frequency is in excellent agreement between the prediction and numerical simulation. At low frequencies, the prediction matches numerical simulation and at high frequencies shows a slightly lower rate of decay. The prediction agrees well with the result of Seror et al. 44 and at high frequencies exhibits some divergence. Figure 13 shows the power spectrum of acoustic pressure from stationary isotropic turbulence. The turbulence contains properties corresponding to Re λ = 20 and M t = 0.010, and the computational domain contains 128 3 grid points. The turbulent field is restricted to a cube with sides that are 14.3 times larger than the integral length scale. Witkowska et al. 43 found the power spectrum using a similar approach as Sarkar and Hussaini 42 at a point 286L from the center of the turbulent field. Their calculation is shown as a dashed line. The developed prediction approach of Eq. 26 for k = 4 is shown as a solid line. Predicted peak frequencies and maximum power spectra are in close agreement. Note that the DNS simulations are conducted at relatively low Re, and the developed theory assumes high Re.
A final comparison is shown in Figure 14 for the overall sound pressure level per unit o k −1 o within a decaying isotropic field. Here, k o and o are the initial turbulent kinetic energy and dissipation of the DNS of Sarkar and Hussaini. 42 As previously discussed, the properties of the turbulence correspond to Re λ = 50 and M t = 0.05. The DNS result of Sarkar and Hussaini 42 is shown as a line with squares, the theory of Proudman 25 is shown as a dashed line, and the prediction is shown as a solid line. The prediction based on Lilley's 29 theory is not directly applicable because it was mainly developed for the eventual purpose of jet noise prediction, but it would follow the present trends. Note that the DNS result is an ensemble averaged overall SPL from multiple simulations, and it is likely that the small oscillations in the DNS result would diminish with increased averages. The application of the theory of Proudman 25 decays at almost a constant rate, but this is deceiving as and M t vary as τ increases. The relative magnitude of the prediction of the present theory varies from two to six overall SPL per unit o k o dB above the DNS result of Sarkar and Hussaini. 42 The current theory, the theory of Proudman, 25 and the DNS result of Sarkar and Hussaini
42
decay at approximately the same rate over multiple large-eddy turn-over times.
Conclusion
We have presented a new method to predict acoustic radiation from stationary and decaying isotropic turbulence. This is accomplished by decomposing the Navier-Stokes equations into anisotropic and isotropic components and solving for the radiating terms. The anisotropic radiation and corresponding sources are equated to zero as the flow is assumed to be fully isotropic. Two-point cross-correlations of the equivalent source are derived, and a simplified form is proposed. The simplified form of the normalized two-point cross-correlation is validated with measurement and numerical simulation. The predictions can be improved by independently calibrating the coefficients within the simplified two-point cross-correlation for each source term combination, or simply by including a small positive non-zero constant involving the exponential decay term involving the wavenumber. Scaling of the source is a function of its time and length scale, and most importantly, directly related to wavenumber spectra of each field-variable. Wavenumber spectra are taken from canonical results of the statistical theory of turbulence and represent some of the only exact solutions in the field of fluid dynamics.
Unfortunately, theoretical fluid dynamics is limited and not all the scaling powers of the wavenumber spectra are known, let alone the prefactor constants. This method and the general theory of turbulence can be greatly improved if the exact constants and powers are derived analytically for all wavenumber spectra of the field variables. A simplistic method is developed to predict the decaying turbulent statistics and decaying wavenumber spectra of isotropic turbulence. Comparisons of predictions using this method with measurement and direct numerical simulation results showed only satisfactory agreement, and it is clear that present decay theory is very limited. A solution for the vector Green's function, particularly for acoustic pressure, is presented that closes the model equation. This set of equations can be solved for other types of time-evolving base flows or stationary flows, or include solid bodies for scattering calculations. The model equation is evaluated using the previously developed and validated arguments. Predictions of the acoustic pressure from a stationary isotropic field agree well with results derived from direct numerical simulation and previous theory. Predicted total acoustic power from a decaying field of isotropic turbulence yields results that compare well with theory and the numerical simulation.
Wavenumber spectra theory of structure functions is generally limited to high Reynolds number while direct numerical simulation is limited to low Reynolds number. There are clear differences between the predictions that are dependent on wavenumber spectra and those that are derived by direct numerical simulation. These differences will hopefully be eliminated as results derived by high Reynolds number direct numerical simulation become available in the future. Unfortunately, power coefficients (e.g., density) of the wavenumber spectra of structure functions are unknown for certain field variables. The present theory and the theory of turbulence would be greatly advanced if analytical results can be derived for the composite wavenumber spectra or even just the inertial range. Finally, it is hopeful that the anisotropic portion of this theory can be quantified for certain canonical flow-fields to further validate this new theory. Increasing time Figure 11 . Wavenumber spectrum, E T (κ), within decaying isotropic turbulence at various large-eddy turn-over times. 
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